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a b s t r a c t

A flow-analysis method using Navier–Stokes equations has been applied to a parametric study on a
micromixer with a modified Tesla structure, and an optimization of this micromixer has been performed
with a weighted-average surrogate model based on the PRESS-based-averaging method. The numerical
solutions are validated with the available numerical and experimental results. The mixing performance
eywords:
odified Tesla structure

oanda effect
ransverse dispersion
ixing index
ptimization

and pressure-drop have been analyzed with two dimensionless parameters, i.e., the ratio of the diffuser
gap to the channel width, �, and the ratio of the curved gap to the channel width, �, for a range of Reynolds
numbers from 0.05 to 40. The shape of the microchannel is optimized at the Reynolds number of 40 with
two objectives: the mixing index at the exit and the friction factor. The “naïve approach” has been applied
to realize a single-objective optimization problem. The optimization results reveal that the mixing and
pressure-drop characteristics are very sensitive to the geometric parameters. Sensitivity analysis reveals

optim
urrogate method that in the vicinity of the

. Introduction

With the trend of the miniaturization of various fluid sys-
ems, microfluidic devices, such as micropumps, microvalves,
nd micromixers, have been intensively researched. Microfluidic-
ixing applications have expanded into many fields, including
edical-drug delivery and biological, chemical, and thermal appli-

ations. The scaling down of fluid systems also raises some new
ssues, among which the micromixing of fluids is very important.

icrofluidic devices have been widely utilized in ‘micro-total anal-
sis systems’ (�TASs) or lab-on-a-chip systems for biological analy-
is, chemical synthesis, and clinical purposes. At microscopic scales,
uid mixing becomes very difficult. The dimension of a microfluidic
evice is typically in the order of sub-millimeters and conventional
ethods for stirring fluids are not applicable. More importantly,

e (the Reynolds number) is small, which means the flow is lam-
nar and the mixing solely depends on molecular diffusion, which
s usually very slow. Hence, in many applications, it is necessary to
pply specially designed micromixers to promote mixing [1,2].

In order to enhance fluid mixing in microchannels, recently
variety of active and passive micromixers have been devel-

ped. Active micromixers depend on external fields to force fluids

o mix together inside microchannels [3,4]. Active micromix-
rs generally enhance mixing by stirring the flow in order to
reate secondary flows. This stirring-effect can be achieved by
sing additional structures or external sources, including ultrasonic

∗ Corresponding author. Tel.: +82 32 872 3096; fax: +82 32 868 1716.
E-mail address: kykim@inha.ac.kr (K.-Y. Kim).
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um point, the objective function is more sensitive to � as compared to �.
© 2010 Elsevier B.V. All rights reserved.

vibration, dielectrophoresis, electrohydrodynamic, electroosmosis,
and magnetic-force techniques. The secondary flow stretches and
folds the interface of the fluids, thereby reducing the diffusion path
between the fluid streams and increasing the mixing phenomenon.
However, the fabrication of this type of microfluidic mixer is rather
complex. Furthermore, these devices generally require some form
of external power sources and control systems. Passive micromix-
ers do not require external energy; the mixing process is governed
by modifying the microchannel with different shapes or structures.
Passive mixers can be further classified as lamination micromixers
and injection micromixers. In lamination mixers, the fluid streams
are divided into several small streams, which are later joined in a
mixing channel [5]. On the other hand, an injection mixer splits only
one stream into many sub-streams in the form of microplumes,
which increase the contact surface and reduce the mixing path.
In addition, active micromixers are generally more complex and
thus, can be difficult to operate, fabricate, clean, and integrate into
microfluidic systems. Passive mixers are used in most microflu-
idic applications. Bessoth et al. [6] reported a passive mixer that
reduced the diffusion path between the fluid streams by splitting
and recombining the flow.

Hong et al. [7] demonstrated an innovative, passive micromixer
that uses the “Coanda effect,” which produces transverse disper-
sion with two-dimensional modified Tesla structures. The Coanda
effect, named after Henri-Marie Coanda, who first identified the

effect in 1910, involves the tendency of fluids to follow a surface;
it can be the defining effect of a jet-flow phenomenon in which
a jet attaches itself to a nearby surface and follows that curved
surface, away from its initial direction. This structure makes use
of the Coanda effect to split the fluid stream and to direct a part

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:kykim@inha.ac.kr
dx.doi.org/10.1016/j.cej.2010.02.002
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Nomenclature

H curved gap distance (mm)
s diffuser gap distance (mm)
B depth of the channel cross-section
D diffusion coefficient
Lc axial length of the main channel (mm)
Lo length of the channel inlet (mm)
Le length of the channel outlet (mm)
W width of the channel cross-section (mm)
N number of sampling points
Re Reynolds number
M mixing index
c mass fraction
F objective function
wf weighting factor
f friction factor
�p pressure-drop

Greek letters
� absolute viscosity of fluid (kg m−1 s−1)
� fluid density (kg m−3).
� variance
˛, ˇ exponents for weighted-average models
� ratio of the diffuser gap to the channel width
� ratio of the curved gap to the channel width
� aspect ratio of the inlet cross-section

Subscripts
m mixture
opt optimum value
i sampling point
max maximum value
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cross-section, W/B, is unity (the width of the channel is the same as
the depth). The two inlets, Inlet 1 and Inlet 2, are merged in the main
microchannel with a T-joint, as shown in Fig. 1. The properties of
water and ethanol have been taken at 20 ◦C and are listed in Table 1.
The diffusivity for both water and ethanol is 1.2 × 10−9 m2 s−1.

Fig. 1. Schematic diagrams of the modified Tesla structure.

Table 1
min minimum value
x axial distance (mm)

f the stream so that it recombines with the opposing flow of the
ther part of the stream. In this structure, the Coanda effect causes
haotic advection and significantly improves mixing. The physical
roperties of water were applied in the simulation. In the experi-
ents, blue- and yellow-dyed DI (de-ionized) water were used as
orking fluids.

Asgar et al. [8] analyzed the mixing performance of a modified
esla structure by both numerical and experimental investiga-
ions at a Reynolds number of 0.05. They experimentally observed
8% mixing at 5 mm downstream of the inlet in a 0.1 mm-wide
icrochannel. In the experiments of Asgar et al. [8], DI water that
as fluorescently labeled with Dragon green dye and pure DI water
ere used as the working fluids. They also reported that experi-
ental and numerical results showed good agreement with a 4%

rror on average. Hong et al. experimentally observed 72% mixing
t a 7 mm distance from the inlet in a 0.2 mm-wide microchan-
el at Re = 0.1 and numerically reported that at the flow rate of
0 ml min−1 (Re < 10), a modified Tesla structure can achieve full
ixing after fluid passes four mixing cell-pairs (which are within a

ength of approximately 7 mm). They also compared this result for
he mixing with a T-type micromixer with the same cross-sectional
rea.

From the above discussion, it is clear that a modified Tesla

tructure is effective in enhancing the mixing of fluids by creating
ransverse dispersion. However, there have not been any reports on
ystematic investigations to find the effects of geometric parame-
ers on the mixing performance and fluid-flow characteristics in
modified Tesla structure. However, for a staggered herringbone
g Journal 158 (2010) 305–314

(grooved) micromixer (SHM, for short), Ansari and Kim [9] per-
formed shape optimization by using the response surface method
and a three-dimensional Navier–Stokes analysis of the flow. They
reported that mixing can be effectively increased by optimizing the
shape of the grooves.

In the present work, numerical analysis on mixing in a modified
Tesla micromixer has been performed to investigate the variation
of the mixing behavior and flow characteristics with geometric
parameters for a wide range of the Reynolds number. Shape opti-
mization has also been carried out with two objective functions:
the mixing index at the exit and the friction factor. A weighted-
average surrogate model is employed as a numerical optimization
tool to obtain an optimal structure by considering two geometric
design variables. Mixing in the channel has been analyzed through
three-dimensional Navier–Stokes equations with two working flu-
ids, viz., water and ethanol. The effects of two design parameters
of a modified Tesla structure on the mixing behavior have been
investigated at six Reynolds numbers that range from 0.05 to 40.

2. Numerical analysis

A schematic diagram of the modified Tesla geometry is shown in
Fig. 1 with three units. The two different fluids, water and ethanol,
enter from two inlets, as shown in the figure, and there is an outlet
on the right side. The main Tesla channel is joined to the inlets at a T-
joint. The width of the channel, W, is kept constant for all repeating
units and the remaining part of the main channel. The dimensions
are as follows: axial length of main channel (Lc) = 2.37 mm; width
of the channel (W) = 0.2 mm; depth of the channel (B) = 0.2 mm;
Lo = 0.1 mm; d = 0.175 mm; and Le = 2 mm. Le is the outlet chan-
nel length, starting form end of the Tesla units to the outlet. The
other dimensions, h and s, vary from 0.03 mm to 0.07 mm and
from 0.04 mm to 0.12 mm, respectively, while the total length of
the channel is fixed at 4.47 mm, which is the sum of the channel-
section lengths, i.e., Lo, Lc, and Le. The aspect ratio of the channel
Properties of fluids at 20 ◦C.

Fluid Density (kg m−3) Viscosity (kg m−1 s−1) Diffusivity (m2 s−1)

Water 9.998 × 102 0.9 × 10−3 1.2 × 10−9

Ethanol 7.890 × 102 1.2 × 10−3 1.2 × 10−9
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Table 2
Design variables and their ranges.
S. Hossain et al. / Chemical Eng

A commercial CFD (computational fluid dynamics)-code, ANSYS
FX-11.0 [10], has been used to analyze the flow and mixing in the
icromixers. The ANSYS CFX-11.0 code solves three-dimensional

teady continuity and momentum (Navier–Stokes) equations by
sing the finite-volume method via a coupled solver. ANSYS CFX is
apable of modeling fluid mixtures that comprise many separate
hysical components, where each component may have a distinct
et of physical properties. To calculate the fluid flow, the CFX-solver
ill calculate the appropriate average values of the properties for

ach control volume in the flow domain. These values depend on
he values of the componential properties and the percentage of
ach component that is present in the control volume. In the case
f multi-component fluids, the fluids are mixed at the molecular
evel; it is assumed that the properties of the fluids are depend-
ng on the proportions of components. It is also assumed that the

ass fraction arises through convection and diffusion. The differ-
ntial motions of the individual components in the mixture are
omputed by the relative mass flux terms. This term models the
ffect of concentration gradients, pressure gradients, etc.

An unstructured tetrahedral grid system was created for the full
odel through ANSYS ICEM 11.0. Navier–Stokes equations in com-

ination with an advection–diffusion model are applied to analyze
he actual mixing phenomena. The numerical simulation is not free
rom numerical diffusion errors, which arise from the discretization
f the convection terms in the Navier–Stokes equation. Numerical
iffusion cannot be completely ignored; however, it can be min-

mized by adopting certain techniques [11]. The velocities at the
nlets and zero static pressure at the outlet are specified as the
oundary conditions. The solutions are considered to have attained
onvergence when the value of the root-mean-squared (rms) rela-
ive residual is at most 10−6.

The mixing efficiency is quantified by calculating the variance
f the mixture in the micromixer. To evaluate the degree of mixing
n the micromixer, the variance of the mass fraction of the mixture
n a cross-section that is normal to the flow direction is defined as
ollows.

=
√

1
N

∑
(ci − c̄m)2. (1)

n the above definition, N is the number of sampling points inside
he cross-section, ci is the mass fraction at sampling point, i, and c̄m

s the optimal mixing mass fraction. To quantitatively analyze the
ixing performance of the micromixer, the mixing index is defined

s follows:

= 1 −
√

�2

�2
max

, (2)

here � is the standard deviation of the concentration across the
hannel in a cross-section at any specific longitudinal location and
max is the maximum standard deviation (unmixed at the exit).
greater mixing index indicates a higher quality of mixing; thus,

he value of this mixing index is 0 for completely separate streams
for which � = �max) and 1 for completely mixed streams (for which
= 0).

. Design variables and objective functions

In this work, two different components of the objective function
re employed to optimize the modified Tesla structure: one (F1) is
he component that is related to the mixing index at the end of third

ell of the micromixer and the other (F2) is the component that is
elated to the friction factor (or pressure loss) in the micromixer.
he pressure loss is directly related to the pumping power that is
equired to drive the fluids in the micromixer. The present opti-
ization problem is defined as the minimization of the objective
Design variable Lower limit Upper limit

� (h/W) 0.15 0.35
� (s/W) 0.2 0.6

function, F(x), with xl
i
≤ xi ≤ xu

i
, where xi indicates the ith design

variable and xl
i

and xu
i

are the lower and upper bounds, respec-
tively, of the ith design variable. Two design variables, � and �, are
chosen for the optimization, where � is defined as h/W and � as s/W.
Nine experimental points are selected through a three-level, full-
factorial design. Table 2 shows these design variables with their
ranges, while the other dimensions of the microchannel are kept
constant for all cases.

The weighted sum of objective functions method, which is also
known as the “naïve approach” [12], is generally used for multi-
objective optimization problems to develop a single-objective
function from multiple objectives. By this method, two objectives,
F1 and F2, are linearly combined with a weighting factor, wf, to
represent a single-objective function, F, as follows:

F = F1 + wfF2. (3)

The weighting factor, wf, can be selected as per the design require-
ments. In this equation, F1 is defined as:

F1 = 1
Me

, (4)

where Me is the mixing index at the end of third cell of the
micromixer. The other component that is related to the friction
factor is defined as:

F2 = f

fo
. (5)

In this equation, the friction factor, f, is defined as:

f = Dh

2�fu
2
avg

.
�p

Lx
, (6)

where Dh is the hydraulic diameter of the channel inlet, �p is the
pressure-drop in the microchannel, �f and uavg are the average den-
sity and velocity of the mixing species, respectively, and Lx is the
axial length of the channel. Further, fo (in Eq. (5)) indicates the fric-
tion factor for laminar flow in a smooth channel and is evaluated
by the following formula [13]:

foRe = 24(1 − 1.355� + 1.9467�2 − 1.7012�3 + 0.9564�4

− 0.2537�5), (7)

where � is the aspect ratio of the cross-section of the channel inlet.
The next steps in the optimization are to construct the surro-

gates and to find the optimal points.

4. Optimization methodology

In the first step of the optimization procedure, the design vari-
ables are selected and the design space is decided for improving
the system performance. The objective functions are calculated by
the three-dimensional Navier–Stokes analysis at the design points
(or experimental points), which are selected through the design-
of-experiments (DOE) framework. Then, the surrogate model is
constructed based on these objective function values. The surrogate

methods used in this work are described below.

Generally, optimization algorithms require many evaluations of
the objective functions to search for the optimum solutions in the
design space. Therefore, to evaluate these objective function val-
ues, a surrogate is constructed to avoid experimental or numerical
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of the fluid streams enhance the mixing of the fluids.
The results of the parametric study and the design optimiza-

tion carried out in this work for the modified Tesla micromixer are
introduced and discussed in the following sections.
08 S. Hossain et al. / Chemical Eng

xpense and save computational time. Surrogate-approximation
odels are used to predict better designs for problems that are

omputationally and experimentally expensive [14]. A PRESS-
ased-averaging (PBA) model, which was proposed by Goel et al.
15] (termed as WTA3) as a weighted-average surrogate model,
s used in this work. As described below, this model is composed
f three basic surrogate models: response surface approximation
RSA); Kriging (KRG); and Radial Basis Neural Network (RBNN).

The RSA model [16], which is a second-order polynomial func-
ion, is fitted to get the response surface approximation. The
olynomial function has the form:

ˆ = ˇ0 +
n∑

j=1

ˇjxj +
n∑

j=1

ˇjjx
2
j +

∑ n∑
i /= j

ˇijxixj, (8)

here the ˇ’s are the regression coefficients, n is the number of
esign variables, and xi represents the ith design variable (i = 1, . . .,
).

The RBNN [17] is a two-layered network that consists of a hid-
en layer of radial basis functions and a linear output layer. The
adial basis functions act as activation functions; for each of these
unctions, the response varies between the input and the center.
urther, the distance between any two points is established by the
ifference in their respective coordinates and by the set of param-
ters. The linear model, f, for the function can be expressed as a
inear combination of a set of N basis functions:

(x) =
N∑

j=1

wjyj, (9)

here yj is the jth basis function and wj is its associated weight. In
he present study, a customized RBNN is applied in MATLAB [18]
ith the help of the function, newrb.

The Kriging model [19] is an interpolating meta-modeling tech-
ique that employs a trend model, g(x), to capture large-scale
ariations and Z(x) to capture small-scale variations. Kriging mod-
ls consist of a global model and localized departures in the
ollowing form:

ˆ(x) = g(x) + Z(x), (10)

here F̂(x) is the unknown function of interest, g(x) is the known
pproximation (usually a polynomial function), and Z(x) repre-
ents the localized deviations. Z(x) is the realization of a stochastic
rocess with mean zero and non-zero covariance. The g(x) term

s similar to a polynomial response surface, providing a “global”
odel of the design space. A linear polynomial function is used

s the trend model and the systematic-departure terms follow a
aussian correlation function.

The PBA model [15] is implemented in the present investigation.
he predicted response of this model is defined as follows:

ˆwt.avg(x) =
NSM∑

i

wi(x)F̂i(x), (11)

here NSM is the number of basic surrogate models used to con-
truct the weighted-average model. The ith surrogate model at the
esign point, x, produces a weight, wi(x), and F̂i(x) is the response
redicted by the ith surrogate model. Weights are carefully selected

uch that the surrogate that produces a high error has a low
rror-weight and thus, low contribution to the final weighted-
verage surrogate, and vice versa. In the present study, a global
eight has been selected through the generalized mean-squared

ross-validation error (GMSE) or PRESS (in RSA terminology). The
g Journal 158 (2010) 305–314

weighting method used in the PBA surrogate is given as follows:

wi = w∗
i∑

i

w∗
i

, (12)

where

w∗
i = (Ei + ˛Eavg)ˇ and Eavg =

NSM∑
i=1

Ei

NSM
.

The error that is associated with each surrogate is evaluated as:

Ei =
√

GMSE, i = 1, 2, 3, . . . , NSM. (13)

Here, the two constants, ˛ and ˇ, are chosen as ˛ = 0.05 and ˇ = −1.0
[15].

By the use of objective function values at the design points,
surrogate models are constructed. Eqs. (11) and (12) are used to
construct the PBA model. The constructed surrogate is used in
searching for the optimal point through the sequential quadratic
programming (SQP) feature in MATLAB [18].

5. Results and discussion

A typical flow structure in the modified Tesla micromixer
is shown in Fig. 2, which includes the velocity-vector plots for
h/W = 0.15 and s/W = 0.2 at Re = 40 on three different x–y planes. The
main characteristics of the flow in this modified Tesla micromixer
can be defined as follows: one of the fluid streams is split into
two streams and then, the two streams combine again and create
chaotic advection to enhance the mixing performance. Fig. 2 shows
the main stream that enters the unit and is divided into two sub-
streams: sub-stream 1 and sub-stream 2, which pass through the
diffuser and curved paths, respectively. Velocity vectors are plotted
at sections 1, 2, and 3, which are located in the diffuser, curved, and
main-exit paths, respectively. The flow patterns at sections 1 and
2 are almost the same, whereby the velocity vectors are parallel
to the channel wall everywhere in the cross-section and vortical
structures are absent. At section 3, however, the flow can be visu-
alized with a couple of strong, counter-rotating vortices. Thus, in
light of the special Coanda effect, the splitting and recombination
Fig. 2. Velocity-vector plots on yz-planes (Re = 40, h/W = 0.15, s/W = 0.2).
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Fig. 3. Grid-dependency test (Re = 2, h/W = 0.15, s/W = 0.6).

.1. Effects of design parameters

A grid-dependency test has been carried out to find the opti-
al number of grids and to ensure that the solution is independent

f the grid size. As shown in Fig. 3, five different structured grid
ystems with the number of nodes ranging from 3.34 × 105 to
.55 × 106 were tested. The distribution of the variance of the mass
raction along the channel was evaluated as the number of nodes
as increased. Finally, from the results of the grid-dependency test,

he grid system with the number of nodes, 1.17 × 106, was selected
s the optimum grid system for further calculations. An example of
he unstructured tetrahedral grid system employed in this work is
hown in Fig. 4.

In Fig. 5, the present computational results are qualitatively
ompared with the experimental and numerical results of Asgar

t al. [8] for the distribution of the variance, �M. As noted in the
ntroductory section, Asgar et al. [8] employed a Reynolds number
f 0.05. In this study, the physical properties of water were applied
o the two fluids that were considered in the simulation (den-

Fig. 4. Example of a structured grid system (s/W = 0.4, h/W = 0.25).
Fig. 5. Comparison of the present numerical results with prior numerical and exper-
imental results (Asgar et al. [8]).

sity, � = 1000 kg m−3 and dynamic viscosity, � = 10−3 kg m−1 s−1).
A diffusion coefficient of D = 10−10 m2 s−1 was used for the fluids.
Experimentally, DI water that is fluorescently labeled with Dragon
green dye and pure DI water have been used as working fluids [8].
However, the present numerical calculations used a different pair
of working fluids: water and pure ethanol. In this comparison, the
present calculation was carried out for the same geometry – with
a channel cross-section of (0.1 mm × 0.050 mm) – for which Asgar
et al. [8] performed numerical calculations and experiments, albeit
with slightly different channel dimensions (0.1 mm × 0.055 mm).
Thus, the differences between the present and previous results
shown in Fig. 4 are attributed to these differences in working fluids
and geometries. However, the general trend of the present compu-
tational results agrees well with those of the previous results.

Fig. 6 shows the effect of the geometric parameter, s/W, on the
mixing performance of the modified Tesla micromixer. The mix-
ing indexes are plotted along the channel length in the x-direction
for three values of s/W, viz., 0.2, 0.4, and 0.6, as well as for three
values of h/W, viz., 0.15, 0.25, and 0.35, at a Reynolds number of
10. The figure has been plotted by evaluating the value of the mix-
ing index on yz-planes after each single unit of the modified Tesla
structure. Steep gradients near the inlet of the channel indicate that
the two fluids mix rapidly in the initial part of the channel. Beyond
a certain length of the channel, the mixing index becomes rela-
tively constant. The mixing performance of the channel improves
as s/W decreases. Also, the variation of the mixing index due to
s/W decreases over the channel length as h/W increases. Thus, at a
higher value of h/W, i.e., 0.35, the mixing is less influenced by s/W,
as shown in Fig. 6(c). Furthermore, the gradient of the mixing index
in the initial part of the channel increases as s/W decreases.

Fig. 7 shows the variations of the mixing index at the exits of the
modified Tesla micromixers with the Reynolds number and s/W. At
low Reynolds numbers, the mixing is mainly governed by molec-
ular diffusion and mechanical stirring is ineffective at Re � 1 [20].

Thus, at a low Reynolds number, i.e., 0.05, the mixing is dominated
by the time of residence and depends on the total path of the flow.
The values of the mixing index at this low Reynolds number are
the same regardless of s/W. As the Reynolds number increases, the
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Fig. 6. Effects of s/W on mixing at Re = 10:

evel of the mixing index decreases rapidly due to the decrease in
he residence time and reaches the minimum at Re = 2. Then, the

ixing starts to increase with the Reynolds number. For Reynolds
umbers around 2, the residence time is insufficient but the trans-
erse flow is still inactive; thus, the mixing index remains at the
ower level. However, beyond this level of the Reynolds number,
ven though the residence time decreases, the transverse flows
apidly become active and mixing starts to increase as the Reynolds

umber increases. For Reynolds numbers that are larger than 2,
he mixing index strongly depends on s/W but the dependency
ecreases as the Reynolds number increases.

Fig. 8 shows the velocity-vector plots on the yz-plane for a
odified Tesla micromixer with h/W = 0.15 for various values of
= 0.15; (b) h/W = 0.25; and (c) h/W = 0.35.

s/W at Re = 2 and Re = 40. When Re = 2, the flow pattern is almost
the same in every channel, and the velocity vectors are parallel
to the channel wall in the cross-section of the channels without
any transverse flow. At Re = 40, the flow is visualized with the
presence of a strong transverse-flow structure, which covers most
of the cross-sectional area of the channel. A couple of symmetric,
counter-rotating vortices are commonly visualized for the three
values of s/W, viz., 0.2, 0.4, and 0.6. This figure also shows that at

Re = 40, the distance between the centers of these vortices increases
with s/W; thus, these centers are shifted to the walls. The pressure-
drop characteristics in the modified Tesla microchannel have been
analyzed, as they are important in the design of the pump that is
needed to drive the flow. Fig. 9(a) and (b) shows the pressure-drop
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ig. 7. Variation of the mixing index at the exit with the Reynolds number and s/W
t h/W = 0.15.

haracteristics of the modified Tesla microchannel as a function
f the design parameters at various Reynolds numbers. Fig. 9(a)
hows the effect of s/W on the pressure-drop at Re = 10 for the three
alues of h/W, namely, 0.15, 0.25, and 0.35. The pressure-drop
radually decreases as s/W increases. For a fixed value of h/W, the
ate of decrease in the pressure-drop decreases with s/W. Fig. 9(b)
hows the effect of h/W on the pressure-drop, when s/W = 0.4, for
arious Reynolds numbers that range from 0.05 to 40. In all cases,
he pressure-drop rapidly increases with the Reynolds number
nd decreases with h/W. When the Reynolds number is between

.05 and 10, the pressure-drop is not significantly affected by the
alue of h/W. However, the effect of h/W becomes pronounced at
igher Reynolds numbers, i.e., Re = 20, 30, and 40. Fig. 10 shows the
ressure-drop characteristics as a function of the Reynolds number
or s/w = 0.4 and h/W = 0.15, 0.25, and 0.35. The pressure-drop

Fig. 8. Velocity-vector plots (h/W = 0.15; Re = 2 and Re = 40).
Fig. 9. Effects of geometrical parameters and the Reynolds number on the pressure-
drop: (a) s/W at Re = 10 and (b) h/W at s/W = 0.4.

increases with the Reynolds number for all values of h/W. At lower
Reynolds numbers, i.e., Re = 0.05 through to 10, where transverse
flow is still inactive, the effect of h/W on the pressure-drop is
almost negligible. However, at higher values of the Reynolds
number (Re = 20, 30, and 40), the effect of h/W on the pressure-
drop becomes significant. Lower values of h/W induce a higher
pressure-drop. Hence, it is clear that the constriction significantly
increases the pressure-drop at higher Reynolds numbers, which is
disadvantageous as far as the pumping power is concerned.

Fig. 11 shows the mass fraction distributions of ethanol on the
yz-plane that is perpendicular to the direction of main flow for
Re = 2 and 40 at h/W = 0.15 and s/W = 0.2. At a low Reynolds number,
specif., Re = 2, a couple of large areas of unmixed fluids are present,
and the interface between the two fluids is relatively clear, straight,
and less disturbed. This is because at low Reynolds numbers, the

inertial force is weak and is unable to create transverse flows in the
channel; hence, mixing mainly relies on diffusion. At this Reynolds
number (of 2), the value of the mixing index that corresponds to the
concentration distribution at the end of the third cell is 0.36. How-
ever, as the Reynolds number increases, the area of the interface of
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Fig. 10. Variation of the pressure-drop with the Reynolds number at s/W = 0.4.

Fig. 11. Concentration distributions of ethanol at various cross-sections (h/W = 0.15,
s/W = 0.2, and Re = 2 and Re = 40).

Fig. 12. Contour plot of the objective function.
Fig. 13. Surface of the objective function predicted by the PBA model.

the fluids increases, and the mixing is enhanced remarkably, which
is due to the development of strong secondary flows. At Re = 40, the
value of the mixing index that corresponds to the concentration
distribution of ethanol at the end of the third cell represents 0.88.

5.2. Design optimization

Shape optimization of the modified Tesla structure has been
performed for a composite objective function that consists of the
inverse of the mixing index and the friction factor. The optimiza-
tion has been carried out at a Reynolds number of 40. The mixing
index, which is an indicator of the mixing performance, has been
inversed for constructing the objective function in the form of min-
imization. The normalized friction factor has been considered as a
component of the objective function, which is an indicator of the
pressure loss in the micromixer. In the micromixer, it is necessary
to keep the pressure-drop low in view of the low pumping power
that is available at the micro-level.

The optimal microfluidic Tesla geometry that is obtained by

optimization through the PBA surrogate model has been compared
with the reference design, which is chosen arbitrarily from the
designs in Table 3. The optimal shape of this micromixer with a
weighting factor of 0.05 is found at the design variables, � = 0.32

Fig. 14. Sensitivity analysis of the objective function.
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Table 3
Results of the optimization with a weighting factor of 0.05.

Design variables Mixing index (Me) Friction factor (f/fo) Objective function (F)
F(x) = 1/Me + wf (f /fo)

a
i
r

e

F
v

� (h/w) � (s/w)

Reference design 0.35 0.20 0.577
Optimal design 0.32 0.45 0.702
nd � = 0.45. This optimal microfluidic Tesla structure shows a sim-
lar mixing index but a lower friction factor as compared to the
eference geometry.

Fig. 12 shows the contour plot of the objective function that
nsues from the surrogate-based analysis. Horizontal and verti-

ig. 15. Variation of the optimization results with the weighting factor: (a) design
ariables and (b) the objective function.
12.325 2.349
11.144 1.982

cal axes indicate the normalized design variables, h/w∗ and s/w∗,
respectively. In this figure, the contour lines represent the lines
of constant objective function values. Fig. 13 represents the three-
dimensional surface plot of the objective function that results from
surrogate analysis. It is found in these figures that there is only one
local minimum near the upper bound of s/W. The optimal value of
1.982 is obtained at the point (0.647, 0.831).

A sensitivity analysis of the objective function is performed by
varying the design variables around the optimal point as shown
in Fig. 14. Each design variable is varied from the optimal point
in both directions, while the other variables are kept constant. The
objective function values at these sets of design variables have been
calculated though the surrogate model (PBA). Each design variable
varies within ±10% of the optimal value. The sensitivity analysis
reveals that the objective function is more sensitive to � (s/w) as
compared to � (h/w) in the specified range.

Fig. 15 shows the results of optimization; the figure represents
the variation of the normalized design variables with the weighting
factor in the composite objective function. As the weighting factor
increases, the values of both the design variables increase. How-
ever, the design variable, � (h/w), shows a higher rate of increase as
compared to � (s/w). Fig. 15(b) depicts the variation of the objec-
tive function with the weighting factor. This figure shows that the
objective function almost linearly increases with the weighting fac-
tor.

6. Conclusion

The analysis and optimization of a modified Tesla micromixer
have been performed through three-dimensional Navier–Stokes
analysis. The mixing and pressure-drop characteristics have been
investigated in terms of two geometric parameters, i.e., the ratio
of the diffuser gap to the channel width, �, and the ratio of the
curved gap to the channel width, �. The analyses have been carried
out for a wide range of the Reynolds number, viz., from 0.05 to 40.
The results reveal that the mixing and pressure-drop characteristics
are very sensitive to the geometric parameters when the Reynolds
number is larger than 2 where secondary flows become active. The
results also reveal that less constriction and/or lower values of geo-
metric parameters yield a greater mixing performance as well as
pressure-drop. A weighted-average surrogate model, namely, the
PBA model, has been applied to the shape optimization of a mod-
ified Tesla micromixer at Re = 40 with two objectives, the mixing
index and the friction factor. The “naïve approach” (of optimiz-
ing the weighted sum of objective functions) has been applied to
realize a single-objective optimization problem. Through the eval-
uations of the objective function at nine experimental points that
are selected via a three-level full-factorial design, the optimiza-
tion has been successfully performed to yield optimum designs that
strongly depend on the weighting factor that is used in the “naïve
approach”. Sensitivity analysis shows that the objective function is
more sensitive to � as compared to � near the optimum point.
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